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Fig. 1. Newton’s law of gravity: the masses of objects 1 and 2 are represented by the area of the circles
and d12 is the distance between the centres of the two objects

This law can be written in a formula as

Fij ∝ m.i/m.j/

d2
ij

, .1/

where Fij denotes the force between objects i and j, m.i/ and m.j/ are the masses of the objects
i and j, and d2

ij is the squared distance between the objects. A more general formulation of the
law is

Fij ∝ m.i/m.j/

g.dij/
, .2/

where g.·/ is g.x/=x2, but may also be some other function. A graphical representation is shown
in Fig. 1, where the masses are represented by the area of a circle. Newton explained a wide range
of previously unrelated phenomena by using this law: the eccentric orbits of comets, the tides
and their variations, the precession of the Earth’s axis and motion of the Moon as perturbed by
the gravity of the Sun. This work made Newton an international leader in scientific research.

In the next section we shall show that the law of gravity applies well to the analysis of social
change. Therefore, first some other definitions of the function g.·/ are provided and dynamic
elements are introduced. The most general model that results is a reparameterization of a well-
known model in statistics and social research, the RC(M) association model (Goodman, 1979,
1991). It should be noted, however, that by the time that we arrive at the RC(M) association
model many properties of real forces as they are in the natural sciences have been lost. What is
maintained is the interpretation in terms of mass and distance, and the analogy with Newton’s
law of gravity is meant more like a metaphor than reality.

3. The analysis of change

Where the task for Newton was to assess the force of the two objects on each other given
their mass and their distance, we deal with the reverse problem. We assume that each object
attracts people from other objects with some force. The resultant of these forces is flows of
people between objects. These flows can be considered measurements of the attractional forces
between objects, and thus (using the law of gravity) are the number of people going from one
object to another proportional to the mass of the first object times the mass of the second object
and inversely proportional to a function of the distance between the two objects.

In Table 1 it can be seen that there is a large number of people (57) who voted for the Social
Democrats in 1964 and for the Centre Party in 1970, so there is a large force between these
two categories. Similarly, the force between the Communists and the Conservatives is small
(the frequency equals 0). Moreover, the force of one category on another is not equal to the
reverse; for example, the force Communists–Social Democrats equals 27 and the force Social
Democrats–Communists equals 16.
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3.1. A Gaussian link
In Newton’s law of gravity the distance is defined by a three-dimensional Euclidean distance, i.e.
our universe is three dimensional. For the analysis of change the dimensionality is not known
in advance but will be denoted by P. For the data in Table 1, for example, it is likely that the
parties are differentiated on the standard ‘left–right’ dimension that is often found in political
systems. Furthermore, there might be another dimension that differentiates the five parties. In
Section 5, for example, we find a ‘rural–urban’ dimension on which the political parties differ.
Often the dimensions are interpreted after the solution has been found, on the basis of practical
knowledge of the data at hand. The co-ordinates of object i in P-dimensional space are given
by the vector z.i/ = .zi1, . . . , ziP /T. The z.i/s will, in turn, be collected in the I × P matrix
Z= .z.1/, z.2/, . . . , z.I//T. The squared Euclidean distance between objects i and j is given by

d2
ij.Z/=

P∑
p=1

.zip − zjp/2: .3/

Other distance measures might be used as well, e.g. any distance from the Minkowski family (see
Borg and Groenen (2005), chapter 17). Where in the law of gravity g.x/ = x2 we shall employ
g.x/ = exp.x2/, the Gaussian transformation or Gaussian link function (de Rooij and Heiser,
2005; Nosofsky, 1985), which is a monotone function. Again, like for the distance formulation,
other transformation functions might be used, but in Section 3.4 it will be shown that this func-
tion relates the law of gravity to a well-known model for the statistical analysis of contingency
tables.

3.2. Dynamic masses
As discussed above the measured forces are not symmetric, i.e. the force from Communist on
Social Democrats is measured to be 27, whereas the reverse force is 16. The law of gravity
assumes symmetric forces and the asymmetry is a form of ‘error’.

To deal with such asymmetries the model will be generalized in two ways. The first generaliza-
tion is to make the masses of the objects dependent on time. So, we deal with dynamic masses. It
is quite natural that masses change in the social sciences, i.e. an object might be popular at one
time point and unpopular at another. For example, in brand switching data some brands come
into fashion at one moment and go out of fashion another. When an object is popular it has
a large mass; when it is unpopular it has a small mass. For our model this means that objects
have a mass at each time point, and that mass will be denoted by mt.i/, the mass of object i at
time point t. In a graphical representation (like Fig. 1), each object would have two circles.

3.3. Dynamic positions
A second generalization is to make the positions time dependent. So, dynamic positions are
introduced into the model. An interpretation of a dynamic position is that the content of an
object has changed. For example, a political party might change its election programme after
it has lost dramatically in the last election or when a loss is in prospect, and thereby change its
relative position towards other parties. Each object has a position for each time point which is
denoted by zt.i/ = .zit1, . . . , zitP /T and the positions of all objects at time point t are gathered
in a matrix Zt = .zt.1/, zt.2/, . . . , zt.I//

T. The one-mode Euclidean distance (3) is replaced by a
two-mode Euclidean distance:

d2
ij.Z1; Z2/=

P∑
p=1

.zi1p − zj2p/2: .4/
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In the graphical representation each object is shown twice: once for each time point.

3.4. Rewriting the model
The model with dynamic masses and dynamic positions is

Fij ∝ m1.i/m2.j/

exp{d2
ij .Z1; Z2/} : .5/

This gravity model can be rewritten in a form that is well known in statistics and is often
applied in sociological studies; the RC(M) association model (Goodman, 1979, 1991). By back-
transforming the parameters of this model, estimates of the masses and co-ordinates of our grav-
ity model are obtained. Furthermore, relationships of this well-known model to other models for
contingency tables are well established, and are then also valid for our gravity model. However,
the usual graphical displays for the RC(M) association model are susceptible to misinterpreta-
tion (for examples see de Rooij and Heiser (2005)), whereas our interpretation is more intuitive.
The transformation from gravity to association model is as follows (de Rooij and Heiser, 2005):

Fij ∝ m1.i/m2.j/

exp
{

P∑
p=1

.z2
i1p + z2

j2p −2zi1pzj2p/

}
∝ m1.i/m2.j/

exp
(

P∑
p=1

z2
i1p

)
exp

(
P∑

p=1
z2

j2p

)
exp

(
P∑

p=1
−2zi1pzj2p

) : .6/

Defining α.i/=m1.i/= exp.ΣP
p=1z2

i1p/ and β.j/=m2.j/= exp.ΣP
p=1z2

j2p/, we obtain

Fij ∝ α.i/β.j/

exp
(

P∑
p=1

−2zi1pzj2p

)
∝α.i/β.j/ exp

(
P∑

p=1
2zi1pzj2p

)
∝α.i/β.j/ exp

(
P∑

p=1
φpμipνjp

)
, .7/

with zi1p = φ
1=2
p μip=

√
2 and zj2p = φ

1=2
p νjp=

√
2. The last line in expression (7) is Goodman’s

(1979, 1991) RC(M) association model. In summary, we started with (an adaptation of) New-
ton’s law of gravity, introduced dynamic elements and ended up with this well-known model.
The RC(M) association model is a reduced rank model for the association which equals the
saturated model when the dimensionality equals I − 1 and which equals the (quasi-) indepen-
dence model when the dimensionality is 0. The model with stable positions is the homogeneous
RC(M) association model and imposes a symmetry restriction on the association, and thus is a
special case of the quasi-symmetry model (Caussinus, 1965). The model with stable masses and
positions is a special case of the symmetry model.

Since our focus is on the off-diagonal entries we need parameters for the diagonal entries of
the table. These are loyalty parameters for each class, i.e. the model becomes
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Fij ∝ m1.i/m2.j/ exp.δijλi/

exp{d2
ij.Z1; Z2/} , .8/

where δij equals 1 if i = j and 0 otherwise. The λi are object-specific loyalty parameters, of
which there are I. The effect of these parameters is that the observations on the diagonal do not
influence the masses and the distances, i.e. the gravity model pertains to change. Another effect
of these parameters is that the expected frequencies equal the observed frequencies for these
cells.

3.5. Distances, distances and inner products
The RC(M) association model is often thought of as a model for ordinal data (although, strictly,
nowhere is an ordinal restriction imposed on the scale values) and the parameters μip and νjp

are often interpreted in terms of distances. This raises the question what is new about the dis-
tance interpretation in the gravity model. To answer this question we should distinguish between
within-set distances and between-set distances. In the RC(M) association model distances within
the set of row points can be interpreted such that, when μi and μi′ , with μi = .μi1, . . . , μiP /T, are
(approximately) equal, categories i and i′ have the same pattern of association to the column
categories. To interpret the relationship between the row and column sets of categories in the
RC(M) association model an inner product rule must be used, where the association equals
the product of the length of the two vectors μi and νj multiplied by the cosine of the angle
between these two vectors. The parameterization in terms of Newton’s law of gravity provides
a between-set distance interpretation, i.e. an interpretation of the distance between z1.i/ and
z2.j/.

3.6. Identification constraints
The RC(M) association model is not identified; it needs location, scaling and cross-dimensional
constraints on the row and column scores. Usually the scores are centred, the sum of squares is
set equal to 1 and the dimensions are made orthogonal. For the analysis of change, however,
these standard identification constraints prevent substantial conclusions.

Let us denote the centred row scores by z̃1.i/. It is possible to transform these centred row
scores linearly by z1.i/ = T z̃1.i/ + a for diagonal T and a vector a, and to adapt accordingly
z2.j/=T−1 z̃2.j/−a and the estimates of the masses without changing the expected frequencies.
The vector a changes the mean position of the row points on each dimension whereas the diag-
onal matrix T changes the spread of the row points on each dimension. These transformations,
however, do not change the order or relative spacings between row points; they are a dimen-
sionwise linear transformation of the row points. The centred column points are transformed by
using the inverse of this linear transformation. To obtain optimal location (a) and scalings (T)
the correlation between squared distances (d2

ij .Z1; Z2/) and F̂ ij=α̂iβ̂j is minimized. This can
be done by using the procedures that are described in de Rooij (2007).

It is important that the total mass is equal over the time points, i.e. that the total mass at the
first time point is equal to the total mass at the second time point. Therefore the identification
constraints on the masses were chosen such that this restriction is true. The mass will be rep-
resented by the area of the circle. To draw the circles we shall therefore use a radius equal to
r.i/=√{m.i/=π}.

3.7. Estimation
Several researchers have discussed estimation of the RC(M) association model (Goodman,
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Summary.Newton’slawofgravitystatesthattheforcebetweentwoobjectsintheuniverse
isequaltotheproductofthemassesofthetwoobjectsdividedbythesquareofthedistance
betweenthetwoobjects.Inthefirstpartofthepaperitisshownthatamodelwitha‘law-of-gravity’
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1.Introduction

Thispaperwillbeconcernedwithlongitudinalcategoricaldata,i.e.repeatedmeasurements
onanumberofobservationalunitswiththesameinstrument.Themaininterestinstudying
longitudinaldataiswhetherchangeoccurredand,ifso,whatthenatureofthechangeis.We
shallconfineourselvestothecaseofcategoricaldata.Ourquestionsconcernqualitativechange,
i.e.changesinattitude,opinion,behaviouroranyothercategoricalvariable.Thisistypically
differentfromcontinuousdatawhereitmightbepossibletodescribechangeintermsofbetter
orworse;forcategoricaldatadescriptionsareintermsof‘different’or‘thesame’.

Oncelongitudinalcategoricaldatahavebeencollectedtheycanberepresentedintransition
frequencytables,whicharecontingencytableswhereeachwaycorrespondstothecategoriesof
avariablemeasuredataspecifictimepoint(weadoptthewaymodeterminologyforthetables
ofCarrollandArabie(1980)).Thenumberoftimepointsdefinesthenumberofwaysofthe
transitionfrequencytable.Havingmeasuredagroupofpeopletwiceonacategoricalvariable,
asquaretransitionfrequencytablearises.Ifmeasurementsareobtainedatthreetimepointsthe
datacanbegatheredinathree-waycontingencytable,andsoforth.

AnexampleofsuchdataisobtainedfromUptonandSärlvik(1981)whodiscussedchanges
inpoliticalvotinginSweden.ThedataareshowninTable1.Therearefivepoliticalparties:
theCommunistsCOM;theSocialDemocratsSD;theCentrePartyC;thePeople’sPartyP;the
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Table1.Swedishvotingdatarepresentingvoting
changesfrom1964(rows)to1970(columns)†

comsdcpcon
COM(22)27410
SD16(861)57308
C426(248)147
P82061(201)11
CON043132(140)

†FromUptonandSärlvik(1981).

ConservativesCON.ThesearetheanglicizednamesfollowingUptonandSärlvik(1981).The
rowscorrespondtothepoliticalpartiesin1964(incapitalletters);thecolumnstothepolitical
partiesin1970(lower-caseletters).

Thefocuswillbeonchange,i.e.ontheoff-diagonalentries.Thevaluesonthediagonalare
withinparentheses;forthesecellsspecialparameters(whichareoftencalledloyaltyparameters)
willbeincludedinthemodelstobedeveloped.

Thequestion,oncewehavesuchchangedata,isnotwhetherthereisassociationbutwhatthe
patternofassociationlookslike.WeshallproposeamodelforthesedatabasedonNewton’s
lawofgravity,whichstatesthattheforcebetweenanytwoobjectsintheuniverseispropor-
tionaltothemassesofthetwoobjectsandinverselyrelatedtothesquareddistancebetweenthe
twoobjects(Newton’slawofgravitywillbediscussedinmoredetailinthenextsection).This
deterministicmodelwillbeappliedtotheanalysisofchangewheretheobjectsintheuniverse
arethecategoriesofthevariable.Theforcebetweentwoobjectsismeasuredbythenumberof
respondentsmakingatransitionfromonecategorytoanother.Thisnumberisnotaccurately
measured,however,sinceasampleisobtainedfromapopulation.Therefore,thelawofgravity
isusedasaprobabilisticmodelassumingamultinomialsamplingscheme(whichistheusual
samplingschemeforsuchdata).Theforcewillbemodelledbythemassofthetwocategories
andafunctionofthedistancebetweenthetwoobjects.

Theremainderofthispaperisorganizedasfollows.ThenextsectiondiscussesNewton’slaw
ofgravityinmoredetail.Section3describestheanalysisofchangeintermsofNewton’slaw
ofgravityandintroducesdynamicelementsinthelawtoadaptfordifferentdatasettings.After
introducingthedynamicelementsitwillbeshownthatthemodelisareparameterizationof
theRC(M)associationmodel(Goodman,1979,1991).Theusualidentificationconstraintsfor
thismodel,however,arenotsuitedtotheanalysisofchange.Anewwayofidentifyingthe
solutionwillbepresentedandfinallythemodelwillbeappliedtothedatainTable1.InSection
4themodelwillbegeneralizedtothecaseofmultipletwo-waytables.Thegravitymodelsthat
aredevelopedarerelatedtoconditionalassociationmodels(Clogg,1982),butagaintheusual
identificationconstraintsarenotsuitedtotheanalysisofchange.Section5treatsgravitational
modelsforthreetimepoints.Thesemodelsarerelatedtopartialassociationmodels(Clogg,
1982).Identificationandanapplicationtoempiricaldatawillbediscussed.Weshallconclude
withdiscussionandreflectionabouttheresultsobtainedandshowsomelimitationsofthework
presented.

2.Newton’slawofgravity

OneofthemajorlawsofthenaturalsciencesisNewton’slawofgravity:

‘Allmatterattractsallothermatterwithaforceproportionaltotheproductoftheirmassesandinversely
proportionaltothesquareofthedistancebetweenthem’.
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two-waytables,e.g.transitiondatathatareobtainedindifferentcountries,ordifferentgroups
oratdifferenttimepoints.

4.1.Themodel
Inthissectionweshalldevelopmodelsformultipletwo-waytables.Eachofthesetablescanbe
modelledbythegravitymodelsoftheprevioussection,resultinginauniversewithobjectsand
massesforeachlayer(k=1,...,K)ofthetable.Themostgeneralmodelis

Fijk∝
m1k.i/m2k.j/

exp{d2
ij.Z1k;Z2k/}

,.9/

wheremtk.i/isthemassofobjectiattimepointtinlayerkandthevectorztk.i/givesthe
positionofobjectiattimepointtinlayerk,i.e.eachlayerisrepresentedbythegravitymodel
oftheprevioussection.

Restrictionscanbeimposedtorelatethedifferentuniverses.Forexample,themassesof
differentlayersortheco-ordinatesofdifferentlayerscanbeconstrainedtobeequalorequal
uptoascalingconstant.Themostnaturalchoiceistorestricttheco-ordinates(Ztk).Examples
ofrestrictionsare

Ztk=ZtWk,.10/

Ztk=ZWk,.11/

Ztk=Zt,.12/

Ztk=Z,.13/

whereWkisadiagonalmatrix,specifyingpositiveweightsthatstretchorshrinkthedimensions
ofeachlayer,andZisamatrixwithco-ordinatesofthepoints,whichcanbedependentontime
(Zt)ornot(Z).Whenwppk>1,dimensionpforlayerkisstretched,meaningthatforlayerkthe
objectsaremoredifferentiatedonthisdimension.Whenwppk<1thedimensionshrinks,i.e.for
layerktheobjectsarelessdifferentiatedondimensionp.Therestrictioninequation(11)defines
thewell-knownINDSCAL-typeofthree-waydistancemodel(CarrollandChang,1970),with
stablepositionsofthecategoriesforeachlayerofthetable.Thefirstrestriction,equation(10),
definesatwo-modeversionoftheINDSCALmodel,i.e.anINDSCALdistancemodelwith
dynamicpositions.Thethirdrestriction,equation(12),definestwo-modedistanceswhichare
equalacrossthelayersandthefourthrestriction,equation(13),definesone-modedistancesthat
areequalacrossthelayers.Anexampleofamodelwithstablepositionswithineachlayerthat
isstretchedorshrunkinthedifferentlayersandwithequalmassesoverthelayerscanbefound
indeRooij(2001).

4.2.Rewritingthemodel
Likethemodelfortwo-waytablesthismodelcanbewrittenasanassociationmodel.Inthiscase
wedealwiththeconditionalassociationmodelsasproposedbyClogg(1982)andBeckerand
Clogg(1989).Asinthetwo-waycase,thelinkbetweenthetwotypesofmodelsmakesavailable
softwareforfittingourgravitymodelsandhelpsinunderstandingrelationshipsbetweenour
gravitymodelsandothermodelsforcontingencytables.Theformulaefortransformingone
modelintotheotheraresimilartoexpressions(6)and(7).Forexample,withtherestrictionin
equation(10)wehave
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Fig.2.GraphicalrepresentationoftransitionsbetweenSwedishpoliticalparties:,COM,SD,C,P,CON,
massandpositionsofthepartiesin1964;,sd,com,c,con,p,massandpositionsofthepartiesin1970

1979;Becker,1990;Haberman,1995).Byback-transformingusingequations(7)and(6)we
canobtainestimatesofourmodel(5).TheprogramLEM(Vermunt,1997)willbeusedtofit
themodels;thetransformationtoadistancemodelandthewayofidentifyingthesolutionare
performedinMATLAB(Mathworks,2006).Themodelwithstablemassesbutdynamicposi-
tionscannotbewrittenasanassociationmodelandthuscannotbeestimatedwithavailable
softwareforassociationmodels.

3.8.ApplicationtoSwedishpoliticsdata
ThedatainTable1wereanalysedbyusingthegravitymodelsproposed.Firstsomebenchmark
modelswerefitted.Thequasi-independencemodel,thesymmetrymodelandthequasi-symme-
trymodeldonotfitthesedata(X2-valuesrespectively103.13,78.03and22.86;G2101.12,83.13
and23.37,with11,10and6degreesoffreedomdf).Sincethequasi-symmetrymodeldoesnotfit
thedataweexpectthatthemodelswithstablepositionsdonotfiteither,whichisindeedthecase.
WithonedimensionX2=28:97,G2=27:29anddf=7andwithtwodimensionsthefitbarely
increased:X2=22:88,G2=23:40anddf=4.Withdynamicpositionsagoodfitwasobtainedina
singledimension,X2=4:96,G2=5:92anddf=4.ThesolutionisshowninFig.2.Weseeseveral
positionalchangesthere:in1964thepositionsofthefivepartiesareasexpectedontheleft–right
dimension,andalsoasdescribedbyUptonandSärlvik(1981).Orderedfromlefttorightthe
Communists,theSocialDemocrats,theCentreParty,thePeople’sPartyandtheConserva-
tives.

Thepositionalchangesfrom1964to1970canbesummarizedasfollows:theCommunists
andSocialDemocratsgroupedtogetherontheleftwingwhereastheConservativesandPeople’s
Partygroupedontherightwing.EspeciallytheSocialDemocratsmadeabigchangetotheleft.
TheCentrePartymovedfromthecentretoamoreright-wingposition.Itseemsthatsome
polarizationhappenedthatdistinguishesthetwoleft-wingpartiesfromthethreeotherparties.
SuchagroupingwasalsofoundinUptonandSärlvik(1981).Althoughitmayseemstrange
thattheSocialDemocratsaremoreleftistthantheCommuniststhishasalsobeenobservedat
severalpointsintimebyLewinetal.(1972),page226.

ConcerningthemassesitcanbeseenthatthemassesoftheCommunists,thePeople’sParty
andtheSocialDemocratsstaythesame,theCentrePartyisthewinnerandtheConservative
Partyisthepoliticalpartythatlostmass.

4.Multipletwo-waytablesandmultipleuniverses

Uptothispointdiscussionhasbeenconfinedtotwo-waytables.Intheremainderofthispaper
weshallgeneralizethemodelstothree-waytables.Thissectiontreatsthecaseofmultiple


